We derive the effective four-dimensional gravity action in the RandallSundrum scenario in which two 3-branes of opposite tension reside in a fivedimensional spacetime. The dimensional reduction with the Ansatz for the radion field by Charmousis et al., which solves five-dimensional linearized field equations, results in a class of scalar-tensor gravity theories. In the limit of vanishing radion fluctuations, the effective action reduces to the Brans-Dicke gravity in accord with the results of Garriga and Tanaka: Brans-Dicke gravity with the corresponding Brans-Dicke parameter 0 < ω < ∞ (for positive tension brane) and −3/2 < ω < 0 (for negative tension brane). In general the gravity induced a brane belongs to a class of scalar-tensor gravity with the Brans-Dicke parameter which is a function of the interval and the radion. In particular, gravity on a positive tension brane contains an attractor mechanism toward the Einstein gravity. * Electronic address: chiba@utap.phys.s.u-tokyo.ac.jp, JSPS research fellow.
I. INTRODUCTION
Randall and Sundrum recently proposed a mechanism to solve the hierarchy problem [1] using two 3-branes of opposite tension residing embedded in a five dimensional spacetime. In this scenario we are assumed to live in the negative tension brane. They also found that even the graviton is trapped on the positive tension brane in the same set up [2] (see also [3] ).
It is natural to ask how gravity look like on the brane. In a recent paper, Garriga and Tanaka have analyzed the metric perturbation equation on the 3-brane in the background spacetime of Randall and Sundrum and have shown that gravity on the brane is described by Brans-Dicke gravity [4] (for a single 3-brane, see [5] ). Charmousis et al. recently proposed an Ansatz for the radion which solves five-dimensional linearized equations of motion [6] .
The purpose of this note is to provide alternative considerations on the brane gravity based on the derivation of the low-energy effective action on each 3-brane from the five dimensional actionà la Kaluza-Klein. We take into account the degrees of freedom of the modulus field as well as four-dimensional graviton fluctuations following the metric Ansatz by Charmousis et al. We will see that gravity on the brane is actually a more general scalar-tensor gravity theory, where the Brans-Dicke parameter is a function of the BransDicke scalar field, rather than the Bran-Dicke gravity, where the Brans-Dicke parameter is a constant. The modulus field plays the role of the Brans-Dicke scalar field. We believe that our approach is technically simpler. We show that the attractor mechanism toward the Einstein gravity is realized in gravity on a positive tension brane. We also make a brief comment on the cosmological constant problem in the brane-world view of the universe.
II. REDUCTION IN TWO THREE-BRANE SYSTEM

A. Background
We briefly review the background metric found by Randall and Sundrum [1] to introduce our notations. The set up is that the five-dimensional Einstein gravity with a cosmological constant with two 3-branes located in the orbifold S 1 /Z 2 at the fifth dimensional coordinate z = 0(positive tension brane), z = r c (negative tension brane). The action is
where M is the five-dimensional Planck mass defined in term of the five-dimensional gravitational constant G 5 as M −3 = 8πG 5 . σ (±) and g (±) are the brane tension and the induced metric on the brane, respectively. Randall and Sundrum have shown that there exists a solution that respects four-dimensional Poincaré invariance [1] :
only if Λ, σ (+) and σ (−) are related as
B. Effective four-dimensional action
We shall derive the four-dimensional low-energy effective action on a 3-brane. In order to include massless gravitational degrees of freedom, we adopt the metric Ansatz proposed by Charmousis et al. [6] which solves the linearized equations of motion (we shall consider the region 0 < z < r c ; the other region by the orbifold symmetry):
The induced metric on the positive (or negative) tension brane is thus respectively
µν .
Here we have introduced the notation α ≡ e 2krc for convenience. Since we impose Z 2 symmetry (z ↔ −z), massless vector fluctuations associated with the off-diagonal part of the metric are absent [1, 7] .
We can perform the z integral to obtain the four-dimensional action on the positive tension brane in terms of g (+)µν :
where we have used the relation Eq.(3) in the last equation. The case of the negative tension brane is obtained by the conformal transformation such that g (−)µν = α −1 e −2αkfḡ µν = α −1 e −2(α−1)kf g (+)µν , and the result is
C. Brans-Dicke parameter
The action of the scalar-tensor gravity theory is given by [8] 
The correspondence of the gravity theory on the brane to the Brans-Dicke gravity is then immediate. The Brans-Dicke scalar field (or the inverse of the effective gravitational constant) is
while the corresponding Brand-Dicke function is
Both expressions are in complete agreement with those of Garriga and Tanaka [4] in the limit where the radion fluctuations are vanishing, f → 0 : the Brans-Dicke gravity with the corresponding Brans-Dicke parameter 0 < ω < ∞ (for positive tension brane) and −3/2 < ω < 0 (for negative tension brane).
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Now let us consider what kind of gravity is induced on the brane if the radion fluctuations are present. As long as e 2αkf ≪ α ≡ e 2krc the metric ansatz Eq.(4) and Eq.(5) correctly describes the linearized dynamics of massless fields. For the positive tension brane, gravity on the brane is a class of scalar-tensor gravity theories with ω > 0 (for e 2αkf ≪ α we have ω = 3αe 2αkf /2) and can satisfy the constraint by the solar system experiment(|ω| > 3000 [9] ) if kr c > 4. In the limit kr c → ∞, the Einstein gravity is recovered with the gravitational constant G 4 = kG 5 .
On the other hand, gravity on the negative tension brane is a class of scalar tensor theories with ω = −3/2 + 9α −1 e 2αkf /2 < 0 (in the lowest order of O(α −1 e 2αkf )) which does not satisfy the constraint by the solar system experiment. This does not immediately mean that the scenario of [1] is not valid because we do not include massive degrees of freedom that may give rise to a stabilizing potential for the modulus(see [10, 11] ).
Moreover, gravity on the negative tension brane exhibits some peculiar behavior in the limit kr c → ∞: G eff → 0 and ω → −3/2. The vanishing of the gravitational constant would imply the absence of gravity force. Furthermore, ω = −3/2 means that the scalar field degrees of freedom is completely absorbed by the conformal transformation; the action is reduced to that of vacuum Einstein gravity (no scalar field) by the conformal transformation 1 It is interesting to note that their results can be also obtained by the naive Ansatz [1, 7] : h(x, z) = T (x)z. Presumably, this naive Ansatz may correspond to the zero mode truncation in [4] .
In this sense, the scalar field degrees of freedom is also frozen.
D. Attractor mechanism
The Einstein gravity is generically a cosmological attractor in scalar-tensor theories (attractor mechanism [12] ). Therefore, as far as gravity is concerned, the dilaton stabilization is not necessary. It is interesting to examine whether gravity on the positive tension brane contains a similar attractor mechanism. To do so, we shall work in the Einstein conformal frame defined by g
so that the action Eq. (8) reduces to
where κ 2 = 8πG 4 ≡ 8πkG 5 . An important point of the attractor mechanism by Damour and Nordvedt [12] is that the function a(ϕ) determines the cosmological dynamics of the dilaton ϕ and the minimum of it is the Einstein gravity (a(ϕ) ,ϕ = 0 → ω = ∞). Therefore it is sufficient to see the shape of a(ϕ). For e 2αkf ≪ α, we find that 2a
; that is, a(ϕ) indeed has a minimum at ϕ = 0, which corresponds to ω → ∞.
E. Adjusting mechanism?
Finally let us consider the situation where the bulk cosmological constant Λ is slightly perturbed from the assumed value Eq.(3), Λ → Λ + δΛ, while the brane tensions are fixed. Such a mismatch would induce an effective potential for the modulus f (x) and give rise to the dynamics of f (x). However, because the modulus f (x) couples non-minimally to the curvature, the effective potential for f (x) is given by performing the conformal transformation to the canonical Einstein frame g
µν (for simplicity we consider the positive tension brane), and it is given by
Since the minimum of the potential is not zero, there is no dynamical mechanism to enforce V eff = 0. Hence, contrary to the argument in [13] , brane-world picture of the universe seems to be compatible with a nonzero four-dimensional cosmological constant (similar observations are made in [14] ): the four-dimensional background metric can be Minkowski spacetime, de Sitter spacetime, or anti-de Sitter spacetime, depending both on the bulk cosmological constant and on the brane tensions. The cosmological constant problem (in the present context the fine-tuning between the bulk five-dimensional cosmological constant and the brane tension) remains the problem.
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